
Problem Set: Uniform Circular Motion and Gravitation

MCQ Part 1

1. A car travels over the top of a hill of radius R. At the top of the hill, the driver
experiences a normal force equal to half their weight. Which of the following correctly
gives the speed of the car at the top of the hill?

(a) v =

√
gR

4

(b) v =

√
gR

2

(c) v =
√
gR

(d) v =
√
2gR

(e) v =
√
4gR

Solution: The answer is b. At the top of the hill, centripetal acceleration points
downward (toward the center of the circular path). Applying Newton’s Second Law
toward the center:

mg −N =
mv2

R

With N = mg/2:

mg − mg

2
=

mv2

R
=⇒ g

2
=

v2

R
=⇒ v =

√
gR

2

2. A satellite orbits a planet of mass M at radius r with orbital period T . A second satellite
orbits the same planet at radius 4r. What is the orbital period of the second satellite?

(a) 2T

(b) 4T

(c) 8T

(d) 16T

(e)
√
2T

Solution: The answer is c. By Kepler’s Third Law, T 2 ∝ r3. Therefore:

T 2
2

T 2
=

(4r)3

r3
= 64 =⇒ T2 = 8T
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3. A ball on a string moves in a vertical circle of radius R at constant speed v. At which
point in the circle is the tension in the string greatest, and at which point is it least?

Greatest tension Least tension
(A) Bottom of the circle Top of the circle
(B) Top of the circle Bottom of the circle
(C) Bottom of the circle Side of the circle
(D) Side of the circle Top of the circle
(E) Tension is the same everywhere Tension is the same everywhere

Solution: The answer is a. At any point, the net centripetal force is mv2/R. At
the bottom, tension and weight are in opposite directions along the radial axis:

Tbottom −mg =
mv2

R
=⇒ Tbottom =

mv2

R
+mg

At the top, both tension and weight point toward the center:

Ttop +mg =
mv2

R
=⇒ Ttop =

mv2

R
−mg

So tension is greatest at the bottom and least at the top.

4. Two planets, X and Y , have the same mass M but planet Y has twice the radius of
planet X. An astronaut stands on the surface of each planet. Which of the following
correctly compares the gravitational acceleration and the orbital speed of a satellite in
low orbit?

Surface gravity Low-orbit satellite speed
(A) gY = 1

2
gX vY = 1√

2
vX

(B) gY = 1
4
gX vY = 1√

2
vX

(C) gY = 1
2
gX vY = 1

2
vX

(D) gY = 1
4
gX vY = 1

2
vX

(E) gY = 2gX vY =
√
2 vX

Solution: The answer is b. Surface gravity: g = GM/R2. Since RY = 2RX , gY =
GM/(2RX)

2 = gX/4. For a low-orbit satellite, v =
√
gR (setting mg = mv2/R). So

vY =
√
gYRY =

√
(gX/4)(2RX) =

√
gXRX/2 = vX/

√
2.

MCQ Part 2

A small block of mass m sits on the frictionless surface of a rotating horizontal turntable.
The block is connected to a pin at the center of the turntable by a horizontal string of
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length r. The turntable rotates with a constant angular speed ω. The turntable is then
gradually sped up. At some critical angular speed ωc, the string breaks.

5. While the turntable rotates at ω < ωc, what provides the centripetal force on the block?

(a) The normal force from the turntable.

(b) The weight of the block.

(c) The tension in the string.

(d) A fictitious outward centrifugal force.

(e) The friction between the block and turntable.

Solution: The answer is c. The surface is frictionless and the normal force and
weight are vertical, so neither can supply a horizontal centripetal force. The only
horizontal force is the tension in the string, which points radially inward.

6. The string can withstand a maximum tension Tmax. Which of the following correctly
gives ωc?

(a) ωc =

√
Tmax

mr

(b) ωc =
Tmax

mr

(c) ωc =

√
Tmaxr

m

(d) ωc =

√
mr

Tmax

(e) ωc =
Tmax

mr2

Solution: The answer is a. The centripetal force is provided by the string tension:
T = mω2r. Setting T = Tmax:

ωc =

√
Tmax

mr

7. If the block’s mass is doubled and the string length is halved, but Tmax is unchanged,
the new critical angular speed ω′

c compared to the original ωc is:

(a) ω′
c =

ωc

2

(b) ω′
c =

ωc√
2

(c) ω′
c = ωc
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(d) ω′
c =

√
2ωc

(e) ω′
c = 2ωc

Solution: The answer is c. Using ωc =
√

Tmax/(mr), the new value is ω′
c =√

Tmax/((2m)(r/2)) =
√

Tmax/(mr) = ωc. The two changes cancel exactly.

Free Response

8. A car of mass m travels at constant speed v over a circular hill of radius R and then
through a circular valley of the same radius R.

(a) Derive an expression for the normal force on the car at the top of the hill. At what
speed would the car become airborne at the top of the hill?

(b) Derive an expression for the normal force on the car at the bottom of the valley. A
passenger of mass mp sits in the car. Derive an expression for the apparent weight
of the passenger at the bottom of the valley.

(c) The car enters the valley from the hill. If there is no friction and the car’s speed at
the top of the hill is v0, use energy conservation to find the speed at the bottom of
the valley (assume the hill and valley are separated by a height difference h). Then
find the apparent weight of the passenger at the bottom of the valley in terms of
mp, m, g, h, v0, and R.

(d) Suppose the radius of the valley is reduced to R/2 while all other quantities remain
the same. Describe qualitatively and quantitatively how the apparent weight of the
passenger at the bottom changes.

Solution:

(a) At the top, centripetal acceleration points downward:

mg −N =
mv2

R
=⇒ N = m

(
g − v2

R

)
The car becomes airborne when N = 0: vair =

√
gR.

(b) At the bottom, centripetal acceleration points upward:

N −mg =
mv2

R
=⇒ N = m

(
g +

v2

R

)
The apparent weight of the passenger (the normal force on mp) follows the same
form:

Wapp = mp

(
g +

v2

R

)
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(c) By conservation of energy from hilltop to valley bottom (height drop h):

1

2
mv20 +mgh =

1

2
mv2b =⇒ vb =

√
v20 + 2gh

Apparent weight at the valley bottom:

Wapp = mp

(
g +

v20 + 2gh

R

)

(d) With R → R/2, the centripetal term doubles:

W ′
app = mp

(
g +

v20 + 2gh

R/2

)
= mp

(
g +

2(v20 + 2gh)

R

)
The centripetal contribution doubles, so the passenger feels significantly heavier.
The increase in apparent weight above mpg is exactly doubled.

9. A moon of mass m orbits a planet of mass M in a circular orbit of radius r. A probe
of mass m0 ≪ M is launched from the surface of the planet (radius Rp) and enters a
circular orbit at the same radius r as the moon.

(a) Derive an expression for the orbital speed v of the probe in terms of G, M , and r.

(b) Derive an expression for the orbital period T of the probe. Show that your result
is consistent with Kepler’s Third Law.

(c) The probe fires its engines briefly and moves to a new circular orbit at radius 2r.
Determine the ratio of the new orbital speed to the original orbital speed, and the
ratio of the new period to the original period.

(d) The gravitational potential energy of the probe at radius r is U = −Gm0M
r

. Find
the total mechanical energy (kinetic plus potential) of the probe in its original orbit
at radius r, and in its new orbit at radius 2r. Which orbit has greater total energy,
and what does the sign of the total energy tell you about the orbit?

Solution:

(a) Setting gravitational force equal to centripetal force:

Gm0M

r2
=

m0v
2

r
=⇒ v =

√
GM

r

(b) T = 2πr
v

= 2πr ·
√

r
GM

= 2π√
GM

r3/2, so T ∝ r3/2, i.e. T 2 ∝ r3, consistent with
Kepler’s Third Law.

T = 2π

√
r3

GM
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(c) Speed ratio: v′ =
√

GM/(2r) = v/
√
2, so v′/v = 1/

√
2.

Period ratio: T ′ = 2π
√
(2r)3/(GM) = 2

√
2T , so T ′/T = 2

√
2.

(d) At radius r:

Er =
1

2
m0v

2 − Gm0M

r
=

1

2
m0 ·

GM

r
− Gm0M

r
= −Gm0M

2r

At radius 2r:

E2r = −Gm0M

2(2r)
= −Gm0M

4r

E2r > Er (less negative), so the outer orbit has greater total energy. The neg-
ative total energy indicates the probe is gravitationally bound to the planet.
Moving to a higher orbit requires adding energy, even though the speed de-
creases.

10. A conical pendulum consists of a ball of mass m attached to a string of length L. The
ball moves in a horizontal circle, with the string making a constant angle θ with the
vertical.

(a) Draw a free body diagram of the ball. Identify all forces acting on it.

(b) Derive expressions for (i) the tension T in the string, (ii) the radius r of the circular
path, and (iii) the speed v of the ball, all in terms of m, g, L, and θ.

(c) Derive an expression for the period of the conical pendulum. Show that as θ → 0,
your expression reduces to the familiar formula for a simple pendulum.

(d) A second ball of mass 2m is used instead. If the string length and angle θ re-
main the same, how does the period change? Justify your answer physically and
mathematically.

Solution:

(a) Two forces act on the ball: tension T along the string (toward the attachment
point) and weight mg downward.

(b) Resolving the tension into components:

• Vertical: T cos θ = mg =⇒ T =
mg

cos θ

• The radius: r = L sin θ, so r = L sin θ

• Horizontal (centripetal): T sin θ = mv2

r

mg sin θ
cos θ

= mv2

L sin θ
=⇒ v =

√
gL sin θ tan θ
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(c) Period:

Tperiod =
2πr

v
=

2πL sin θ√
gL sin θ tan θ

= 2π

√
L sin θ cos θ

g sin θ
= 2π

√
L cos θ

g

As θ → 0, cos θ → 1, so Tperiod → 2π
√

L/g, the formula for a simple pendulum
of length L.

(d) The period Tperiod = 2π
√

L cos θ/g depends only on L, θ, and g — not on mass.
Therefore, doubling the mass has no effect on the period. Physically, both
the centripetal force requirement and the tension scale with mass in exactly the
same way, so mass cancels out.
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